Circularly pulse-shaped orthogonal frequency division multiplexing (CPS-OFDM) is one of the most promising 5G waveforms that addresses two physical layer signal requirements of low out-of-subband emission (OSBE) and low peak-to-average power ratio (PAPR) with flexibility in parameter adaptation. In this paper, a constellation shaping optimization method is proposed to further reduce the cubic metric (CM) of CPS-OFDM signals for the case that demands rather high power amplifier (PA) efficiency at the transmitter. Simulation results demonstrate the superiority of the proposed scheme in CM reduction, and the corresponding benefits of spectral regrowth mitigation and spectral efficiency improvement.
I. INTRODUCTION
The fifth generation wireless systems (5G), named as New Radio (NR), are envisioned to support various innovative service-oriented applications in manifold usage scenarios [1] , e.g., machine type device-to-device communications [2] , grantfree asynchronous transmissions [3] , and coexistence of heterogeneous spectrum access with different numerologies [4] . The physical layer signal formats of 5G NR, on basis of orthogonal frequency division multiplexing (OFDM) [5] , additionally demand low out-of-subband emission (OSBE), low peak-to-average power ratio (PAPR), flexibility in parameter adaptation, backward and forward compatibility [6] - [8] . Circularly pulse-shaped OFDM (CPS-OFDM) is one of the most promising waveforms that addresses these requirements simultaneously with spectral efficiency improvement [9] . In contrary to a number of existing waveform schemes relying on windowing or filtering techniques [10] , CPS-OFDM exploits a subband-wise precoder characterized by a prototype vector and its circularly time-frequency shifted versions without imposing guard interval (GI) burden [9] . Besides, CPS-OFDM can be regarded as a generalized discrete Fourier transform spread OFDM (DFT-S-OFDM) implemented with linearithmic-order complexity [9] . As CPS-OFDM has been demonstrated to bring such attractive advantages into upcoming 5G NR, it is worthy to study some auxiliary techniques that can further enhance the CPS-OFDM system performance in certain cases.
Considering the case that demands high power amplifier (PA) efficiency at the transmitter (e.g., a smart factory with intercommunicating machinery [2] ), this paper intends to further reduce the cubic metric (CM) of CPS-OFDM signals through a constellation shaping technique. CM is known as a more accurate indicator to quantify envelope fluctuations than PAPR [11] - [16] . The reason behind this is that CM closely relates to the third-order intermodulation product of PA nonlinearity, which dominates the distortion of the transmitted signals [11] , [16] . The key idea of constellation shaping is to introduce offset values to input quadrature amplitude modulation (QAM) symbols so that CM (or PAPR) can be greatly reduced [15] - [17] . The use of this approach is usually accompanied with an error vector magnitude (EVM) constraint that confines the resulting detection performance degradation within an acceptable range. Moreover, the inherent property of low OSBE of CPS-OFDM must be carefully preserved to facilitate asynchronous transmissions and mixed numerologies for lack of frequency-domain user orthogonality.
In this paper, we propose a constellation shaping optimization method for CPS-OFDM according to the aforementioned design aspects. Specifically, the proposed optimization problem is formulated to minimize the CM subject to two constraints on the EVM and the OSBE. The optimized offset values imposed on the transmitted QAM symbols are transparent to the receiver, i.e., no additional side information about applying constellation shaping to the transmitter is required by the receiver. Although the real-time optimization may encounter some challenges such as high computational complexity and algorithm reliability, we believe that the advances in electronic technology can afford high computing power for signal processing in devices in the near future [17] , [18] .
The rest of this paper is organized as follows. In Section II, a CPS-OFDM transceiver system model and its design problem are described. In Section III, the proposed constellation shaping optimization method for CPS-OFDM is introduced. In Section IV, simulation results show the performance gains of applying the proposed scheme to 5G NR. Finally, the contributions of this work are summarized in Section V.
Notations: Calligraphic upper case letters such as I represent sets of discrete indices or continuous intervals. The submatrix of the matrix X formed by the column vectors with the ordered indices given in I is denoted by [X] I . Similarly, the subvector of the column vector x is denoted as [x] I . The (N × M )-dimensional complex matrix space is expressed as C N ×M . Operators · S , |·|, · 2 , · 6 , and {·} denote modulo S, modulus of a complex scalar, Euclidean norm, 6norm, and real part of a complex number, respectively. The decibel (dB) representation of a real number C is shown as C| dB . Throughout the paper we adopt zero-based indexing. The N -point normalized DFT matrix denoted by W N is defined as that the (k, n)th entry of W N is e −j2πkn/N / √ N . The ith entry of x and the (i, j)th entry of X are denoted by [x] i and [X] i,j , respectively. Given any positive integer N , Z N stands for the set {0, 1, · · · , N − 1}. The root mean square value of
II. SYSTEM MODEL
A CPS-OFDM baseband transceiver system with the use of constellation shaping is schematized in Fig. 1 . At the transmitter, the input S × 1 data vector of the bth block transmission, denoted by d[b], is composed of D QAM symbols and Z zero symbols, S = D + Z. For CM reduction, the data vector d[b] can be first shaped into an S × 1 offset data vector
is a complex-valued vector introducing offset of QAM constellation points. The offset data vector c[b] is then fed into an S × S CPS precoding matrix defined as [9] [P] i,kM
where p is an S × 1 prototype vector producing all entries 
to avoid inter-block interference (IBI) caused by multipath propagation. The GI can be chosen as either cyclic prefix (CP) or zero padding (ZP) [19] . Here CP insertion is considered,
that the GI utilization of the CPS-OFDM system may be optional (i.e., G = I N ) in some cases if IBI attributed to small tail power of each block is tolerable or negligible [9] . Let Φ = G[W H N ] I P denote a synthesis matrix describing the linear structure of the transmitter. The bth transmitted block signal containing N = N + G samples is thus expressed as
After parallel-to-serial conversion (P/S) of (2), the discretetime baseband signal
is sent over a frequency-selective channel modeled as H(e jω ) = L l=0 h[l]e −jωl , where L and h[l] stand for channel order and channel impulse response, respectively.
At the CPS-OFDM receiver, serial-to-parallel conversion
is a complex additive white Gaussian noise (AWGN) with variance N 0 . Then, the bth received block signal containing N samples denoted by y[b] is acquired. As long as G ≥ L, the IBI component resided in y[b] can be eliminated by CP removal, i.e.,Ḡ = [0 N ×G I N ]. An N -point FFT realized by W N is used for OFDM demodulation. Finally, the demodulated signal to be equalized can be derived as [19] 
is a D × S minimum mean square error (MMSE) frequencydomain equalization (FDE) matrix [19] . It is worthy to note that the constellation shaping technique applied to the transmitter is transparent to the receiver. 
A. Cubic Metric (CM)
Extensive studies have shown that CM is an accurate measure of envelope fluctuation to predict the required input backoff (IBO) of the PA at the transmitter [11] - [16] . The CM of the bth transmitted block signal (2) is defined as [11] - [16] 
where
is the raw CM (RCM) of (2), RCM ref | dB is the RCM of a reference signal in decibel, and E| dB is an empirical factor. Since RCM ref | dB and E| dB are two constants given by the system in real cases [12] , we are able to describe the CM (6) in terms of the RCM (7) for simplicity.
B. Block-wise Error Vector Magnitude (EVM)
The key idea of constellation shaping is to impose offset on input data symbols so that the CM of each block transmission can be substantially reduced [15] - [17] . In this way, there exists a difference between the actual transmitted signal (2) and the original transmitted signal written as
To quantify the signal difference, we define the block-wise EVM as
where EVM max is the maximum allowable EVM at the transmitter. The choice of EVM max is relevant to tolerable detection performance degradation at the receiver.
C. Out-of-Subband Emission Energy (OSBEE)
The amount of instantaneous spectral sidelobe leakage, referred to as OSBE energy (OSBEE), is obtained by calculating the energy spectral density (ESD) of each block transmission. Specifically, the ESD of the transmitted signal (2) is
, ω ∈ [−π, π), (10) and its OSBEE is expressed as
where F OSB ⊂ [−π, π) denotes an OSB region. Similarly, the ESD and the OSBEE of the original transmitted signal (8) 
D. Offset Vector Design Problem
The problem of interest in this paper is to design the offset vector e[b] such that the RCM (7) can be reduced for each CPS-OFDM block transmission. At the same time, the EVM (9) must be constrained so as to warrant satisfactory detection reliability at the receiver. In addition, the OSBEE (11) shall also be limited in order to preserve the property of low OSBE of CPS-OFDM. The resulting mitigation of spectral regrowth and increase of spectral efficiency are expected. Since
is known at the transmitter, we will directly deal with the offset data vector c[b] in the next section.
III. PROPOSED METHOD
To tackle the problem stated in Section II-D, we propose an offset data vector optimization method for CPS-OFDM in this section. For notational convenience, the block index "[b]" is omitted in subsequent contents. Recall that there are some zeros resided in the data vector d without being affected by offset values. We can only focus on [d] D , [c] D , and [Φ] D , which will be respectively denoted byd,c, andΦ for brevity.
The proposed optimal offset data vector design problem is formulated as
The objective (12a) is to minimize the RCM of baseband CPS-OFDM signals so as to enhance PA efficiency. However, the RCM function (7) proportional to Φc 6 / Φc 2 makes the problem difficult to be analyzed. Hence, we treat Φc 6 as an alternative objective function with an additional constraint
to ensure the resulting RCM less than the original RCM given by N ( Φd 6 / Φd 2 ) 3 . Since the constraint (13) is nonconvex, we seek the relaxation that replaces (13) with a looser, but convex, constraint. According to the following formula Φc −Φd 
By rewriting the EVM constraint (12b) as it is obvious that (14) can be relaxed to the convex inequality
which enlarges the search space of the complex variablec in comparison with (14) . On the other hand, the constraint (12c) indicates that the OSBEE of sendingc does not exceed the original OSBEE of sendingd for preserving the low-OSBE property. In Appendix A, we derive that the OSBEE of CPS-OFDM transmission can be expressed as a quadratic form, i.e., OSBEE =c HĒc and OSBEE ref =d HĒd , whereĒ is a D × D Hermitian positive definite matrix. Therefore, the proposed optimization problem (12) is reformulated as
This is a convex optimization problem, of which the globally optimal pointc opt is guaranteed to be attained via interiorpoint methods [21] . To solve the problem (17), we adopt CVX, a package for specifying and solving convex programs [22] .
IV. SIMULATION RESULTS
In this section, the performance evaluations of the proposed method are provided in terms of RCM, OSBE, bit-error rate (BER), and spectral efficiency with practical parameters.
A. Simulation Parameters and Assumptions
Referring to [23, Annex A.1.1], the system parameters are chosen as follows. The carrier frequency is at 4 GHz. The sampling rate is 1.92 MHz. The FFT size N is 128 with 15 kHz subcarrier spacing. The CP length G is 9 (or G = 0 without GI (NoGI)). For the settings of CP and NoGI, a transmission time interval (TTI) of 1 ms can accommodate 14 and 15 blocks, respectively. Uncoded 16-QAM is utilized with E s = 1. The bit power versus noise variance is shown as E b /N 0 . The bandwidth assigned to a target user, denoted by BW, is 720 kHz, namely, S = 48, I = {28, 29, · · · , 75}. The ninth-order polynomial approximation specified in [24] is used to model PA nonlinearity with phase compensation of 76.3 degrees [25] . Considering that a low-cost machine transmitter often desires sufficiently high power efficiency even with some nonlinear signal distortion [26] , we select a quite challenging IBO value of 0 dB (i.e., operating at the saturation point of the PA) to investigate the achievable performance. The spectrum emission mask (SEM) defined in [27, Table 6 .6.2.1.1-1] serves as a reference for the required size of guard band ∆, while the spectral regrowth due to PA nonlinearity is with the maximum transmit power of 22 dBm. The configuration of single transmit antenna and single receive antenna (1T1R) is set. The tapped delay line (TDL)-C channel model is used in terms of the delay spread scaled by 300 ns with 3 km/h mobility [28, . The MMSE-FDE (5) is adopted at the receiver under the assumptions of perfect synchronization and channel estimation.
CPS-OFDM is parameterized by K = 2, M = 24, D = 46, Z = 2, D = {1, · · · , 23, 25, · · · , 47}, and the prototype vector p determined by [9, Algorithm 1] (with the same factors such as β = 10 and = 0 specified in [9, Sec. V-C]). The OSB range F OSB to be concerned corresponds to the subcarriers indexed by {0, · · · , 23, 80, · · · , 127}. The settings of CP and NoGI in the CPS-OFDM system are taken into account. The results of adopting traditional OFDM (P = I 48 ) with CP and Z = 0 serve as performance benchmarks. The optimal offset data vectorc opt can be found by solving the proposed constellation shaping optimization problem (17) , in which EVM max chosen as −13 dB and −10 dB are of interest.
B. Performance Evaluations
The scatterplots of the optimized offset data symbols inc opt in terms of different EVM max values for OFDM, CPS-OFDM with CP, and CPS-OFDM with NoGI are illustrated in Fig. 2 . As EVM max increases, more offset imposed on the original constellation points can be observed. CM performance is assessed by the empirical complementary cumulative distribution function (CCDF) curve of RCM outcomes. The CCDF is defined as 1 − Pr {RCM ≤ RCM 0 }, where Pr {RCM ≤ RCM 0 } means the probability of a RCM value that does not exceed a given threshold RCM 0 . In Fig. 3 , it is shown that the proposed optimal offset data vector design (17) can further reduce the RCM of CPS-OFDM signals to meet the requirement of rather high PA efficiency. Note that the setting of NoGI is basically more friendly to the PA than the setting of CP at the CPS-OFDM transmitter [9] .
Owing to strong PA nonlinearity usually causing severe spectral regrowth, the resulting OSBE without IBO must be carefully treated. To present OSBE performance, Fig. 4 , RCM reduction (see Fig. 3 ) is also much helpful to spectral regrowth mitigation. Using the proposed scheme, the spectral containment property of CPS-OFDM can be further improved.
The BER results are given in Fig. 5 . It can be found that the use of constellation shaping leads to slight performance degradation. Although there exists IBI, here CPS-OFDM with NoGI possesses the best detection reliability mainly because of the least PA nonlinear distortion as compared to the others.
The spectral efficiency (SE) is calculated by SE = N bit DNB(1−BER) TTI·(BW+∆) [23] , where N bit = 4 is the number of bits per 16-QAM data symbol, N B = 14 (or 15 for NoGI) is the number of transmitted blocks per TTI, and BER can be obtained from the results shown in Fig. 5 . The required guard band ∆ is decided such that the OSBE can be lower than the SEM requirement of −10 dBm per 30 kHz measurement bandwidth (see Fig. 4 ). The SE comparisons of different waveform settings are summarized in Fig. 6 . The proposed constellation shaping optimization method is validated to be able to further increase the SE of CPS-OFDM. 
V. CONCLUSION
A constellation shaping optimization method is proposed to reduce the cubic metric (CM) of CPS-OFDM signals. The optimized offset data symbols also preserve the original low-OSBE property of CPS-OFDM. Benefited from the extremely low CM, the spectral regrowth and the signal distortion caused by severe power amplifier (PA) nonlinearity can be significantly alleviated. Therefore, the resulting gain in spectral efficiency can be found. The future work is to develop a customized interior-point method for the proposed optimization problem in order to ease the real-time computational burden.
APPENDIX A DERIVATION OF OSBEE IN QUADRATIC FORM
Recall that the transmitted block signal (2) can be expressed as x = Φc, where the block index "[b]" has been omitted. The nth element of x is written as x n = S−1 i=0 [Φ] n,i [c] i . Using i = kM + m, it is rewritten as
where we can expand each entry of the synthesis matrix Φ as
[p] i−kM S e −j 2π M im e j 2π N (η+i)(n−G) .
By performing X(e jω ) = N +G−1 n=0
x n e −jωn , the magnitude response of (18) is given by
where C kM is a downshift permutation matrix defined as 
where the (kM + m)th entry of the S × 1 vector u e jω is u e jω kM +m = w H m e jω C kM p H .
Let U e jω = u e jω u H e jω , the ESD of (18) is obtained by X(e jω ) 2 = u H e jω c 2 = c H U e jω c.
Therefore, the OSBEE of one CPS-OFDM block transmission with constellation shaping can be formulated as a quadratic form as below 
